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We define the knotting probability of a knot K by the probability for a random polygon (RP) or self-avoiding
polygon (SAP) of N segments having the knot type K. We show fundamental and generic properties of the
knotting probability particularly its dependence on the excluded volume. We investigate them for the SAP
consisting of hard cylindrical segments of unit length and radius rex. For various prime and composite knots
we numerically show that a compact formula describes the knotting probabilities for the cylindrical SAP as
a function of segment number N and radius rex. It connects the small-N to the large-N behavior and even
to lattice knots in the case of large values of radius. As the excluded volume increases the maximum of
the knotting probability decreases for prime knots except for the trefoil knot. If it is large, the trefoil knot
and its descendants are dominant among the nontrivial knots in the SAP. From the factorization property of
the knotting probability we derive a relation among the estimates of a fitting parameter for all prime knots,
which suggests the local knot picture. Here we remark that the cylindrical SAP gives a model of circular
DNA which are negatively charged and semiflexible, where radius rex corresponds to the screening length.
I. INTRODUCTION
Statistical and dynamical properties of ring polymers
under a topological constraint have attracted much in-
terest in various branches of physics, chemistry and
biology1–3. The topology of a ring polymer in solution
is specified by a knot type (Fig. 1). Ring polymers with
trivial topology are observed in nature such as circular
DNA4. Moreover, DNA with many knot types have been
derived in experiments5,6. Topological structures related
to knots or pseudo-knots have been discussed in associa-
tion with protein folding7. Naturally occurring proteins
whose ends connected to give a circular topology has been
recently discovered8. Furthermore, a molecular knot with
eight crossings in nanoscale has been successfully synthe-
sized quite recently9. Due to novel developments in ex-
perimental techniques during the last decade, ring poly-
mers are now effectively synthesized in chemistry10–18.
We define the knotting probability of a knot by the
probability for a random polygon (RP) or self-avoiding
polygon (SAP) consisting of N segments having the given
knot type. It plays a fundamental role in the topo-
logical properties of ring polymers in solution. For in-
stance, the mean-square radius of gyration of a knotted
ring polymer depends not only on the knot type but also
on the characteristic length of the knotting probability,
which will be defined later in the paper. The knotting
probabilities have been studied for some models of RP
and SAP through numerical simulations19–36, rigorous
methods37,38 and DNA experiments39–41.
The knotting probabilities have been measured in ex-
periments, first by performing the reaction process of
randomly closing nicked circular DNA39,40. In the re-
searches circular DNA are modeled as SAP consisting of
impenetrable cylinders, and the knotting probability is
evaluated in the simulation for segment number N up
to 60. The results are compared with the experiments
where segment number N is rather small such as N less
than 30. However, the knotting probability of large cir-
cular DNA such as 166 kbp has been measured recently
in solid-state nanopore experiments41. Thus, the knot-
ting probability for SAP with a large segment number N
such as N = 500 can be systematically investigated in
experiments.
In the paper we show fundamental and generic prop-
erties of the knotting probability of a given knot, in par-
ticular, how it depends on the excluded volume. In or-
der to investigate the excluded-volume effect on topolog-
ical properties systematically, we introduce an off-lattice
model of SAP which give random configurations of a
cyclic sequence of N cylindrical segments of radius rex
where a given pair of segments do not overlap except
for neighboring ones. We describe the knotting proba-
bility as a function of not only segment number N but
also radius rex by introducing a compact formula with
four fitting parameters. The generic properties presented
in the paper should be useful for studying the knotting
probability with experiments in various different fields.
We show numerically how the fitting parameters for
expressing the knotting probability depend on cylindri-
cal radius rex, i.e., the excluded-volume parameter. We
also show that the four-parameter formula describes the
knotting probability very well for various knots over a
wide range of segment number N . The simulation re-
sults of the cylindrical SAP with several values of cylin-
drical radius lead to a systematic and unifying viewpoint
on the knotting probability for many different models
of ring polymers in solution. For instance, the knot-
ting probability ratio is consistent with that of lattice
SAP if cylindrical radius rex is large such as satisfying
2rex = 1/4: the diameter of cylindrical segments is given
by one fourth of the bond length. Moreover, we show
that if the cylindrical radius is large the trefoil knot and
its descendants are dominant among the nontrivial knots
appearing in an ensemble of SAP. We also show that the
maximum of the knotting probability of the trefoil knot
slightly increases with respect to the cylindrical radius,
while those of other prime knots decrease exponentially
with respect to it. Here we remark that the dependence
of the knotting probability on the radius of cylindrical
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2segments shown in the present study is consistent with
the previous small-N results39,40 and generalizes them
into those of the large N case.
The cylindrical SAP model employed in the present re-
search generates random sequences of impenetrable cylin-
ders of unit length with radius rex where neighboring
pairs of cylindrical segments can overlap while other pairs
do not36. Here we recall that it is a SAP model of semi-
flexible ring polymers such as circular DNA39,40. In the
model the radius rex corresponds to the screening length
or the length scale of screening effect due to counter ions
surrounding DNA39,40,42,43. DNA are negatively charged
polyelectrolytes and the screening effect of counter ions
may be nontrivial42,43. We assume that DNA chain is
hard to bend due to electrostatic repulsive forces and
hence DNA are approximated as a sequence of thin long
cylinders where some fraction of counter ions are bound
to DNA due to the Manning condensation44. The ef-
fective thickness of DNA molecules is determined by the
concentration of counter ions in solution43. Typically, the
bare radius of DNA corresponds to the radius rex = 0.01
in the case of cylindrical segments of unit length45.
FIG. 1. Unknot (the trivial knot, 01) and the prime knots
with up to seven minimal crossings.
Let us explain important properties of the knotting
probability. In a model of RP or SAP of N segments we
denote the knotting probability of a knot K by PK(N).
It was shown that the knotting probabilities for the bead-
rod model are well approximated as a function of N by26
PK(N) = CKN˜
m(K) exp(−N˜) , (1)
where N˜ is given by
N˜ =
N −∆N(K)
NK
. (2)
We call parameters CK , m(K), NK and ∆N(K) the knot
coefficient (or coefficient), the knot exponent (or expo-
nent), the characteristic length and the finite-size correc-
tion of the knotting probability of knot K, respectively.
We derive formula (1) by assuming the large-N asymp-
totic expansion of the knotting probabilities. For sim-
plicity, let us consider a model of lattice polygons. We
denote by ZK(N) the number of lattice polygons of N
segments with a knot K and by ZAll(N) that of no topo-
logical constraint. The knotting probability of knot K is
given by PK(N) = ZK(N)/ZAll(N). We assume that for
topological conditions K including no constraint All the
numbers ZK(N) have the large-N asymptotic expansion
logZK(N) = κKN+mK logN+logZ
(0)
K +O(1/N). (3)
By taking the exponential of Eq. (3) and introducing
parameters NK and m(K) by 1/NK = κAll − κK and
m(K) = mK −mAll, respectively, we have
PK(N) = CK (N/NK)
m(K)
exp (−N/NK) . (4)
We call it the asymptotic formula of the knotting proba-
bility. We obtain Eq. (1) by replacing N/NK in Eq. (4)
with Eq. (2).
In several models of RP and SAP the estimates of NK
for different knots are given by almost the same value as
far as investigated. We therefore call it the characteristic
length of the knotting probability24, and denote it by
N0. For the cylindrical SAP the NKs are evaluated as
the same for 145 knots with respect to errors36.
For a composite knot consisting of knots K1 and K2,
denoted by K1#K2, its exponent and coefficient are ap-
proximately equal to the sum and the product of those
of knots K1 and K2, respectively, in several models of
RP and SAP. We call such properties factorization prop-
erties of exponents and coefficients, respectively. It was
suggested that the factorization properties are derived
from the local knot conjecture that the knotted region in
a knotted SAP is localized28,30,32.
In the present paper we shall show that coefficients
CK for almost all the prime knots are well approximated
by exponentially decaying functions of radius rex in the
cylindrical SAP model. We show it numerically for the
prime knots with less than or equal to seven minimal
crossings. Quite interestingly, only for the trefoil knot
the coefficient C31 increases with respect to radius rex.
It follows that the majority of nontrivial knots are given
by the trefoil knot and its composite knots if radius rex
is rather large such as rex = 0.1.
The knot coefficients CK have an interesting property
that the sum of the knot coefficients over all prime knots
is given by 1. We call it the sum rule of knot coefficients
for prime knots. We shall show that it is consistent with
the formula of the knotting probability. We derive an
infinite number of sum rules such that the sum of the
knot coefficients over all composite knots consisting of n
prime knots is given by 1/n! for positive integers n. We
shall show in section 5 that they are derived from the fac-
torization properties of exponents and coefficients. Fur-
thermore, we suggest that the sum rules give a numerical
support for the local knot conjecture.
In order to investigate how far the asymptotic behav-
ior is important in the knotting probability as a func-
tion of segment number N we apply the three-parameter
asymptotic formula (4) to the data points of the knotting
3probability against segment number N . The estimates of
exponent m(K) of a knot K are much closer to some in-
tegers than in the case of the four-parameter formula (1),
although the χ2 values of the fitted curves are larger than
those of Eq. (1). It seems that the results of the asymp-
totic formula (4) is more similar to those of on-lattice
SAP, where the estimates of the entropic exponent are
given by integers27,28. Here we remark that the entropic
exponent corresponds to the exponent m(K) of a knot
K in the notation of the present paper.
The contents of the paper consist of the following. In
section 2 we explain the algorithm for generating the
cylindrical SAP with radius rex and then present some
knot invariants by which we detect the knot type of a
given polygon. We also give the numbers of polygons
we have generated in the present research, which lead
to the estimates of statistical errors. In section 3 we
show that the four-parameter formula (1) gives good fit-
ted curves to the data points of the knotting probability
versus segment number N . We exhibit fitted curves to
the data of the knotting probability against N for several
prime and composite knots. We then present fundamen-
tal and generic properties of the knotting probability as
addressed briefly in Introduction. In section 4 we formu-
late important properties of knot coefficients CK . First,
we argue that knot coefficient of a knot K determines the
maximum value of the knotting probability of the knot
K. Second, we show numerically how the parameters
CK for prime knots depend on the radius of cylindrical
segments of the SAP. Third, we numerically confirm the
factorization property of knot coefficients. In section 5 we
show some important aspects of the knotting probability.
We argue numerically that the results of the cylindrical
SAP at rex = 1/8 correspond to those of lattice SAP.
We derive the sum rules for knot coefficients CK from
Eq. (1) of the knotting probability. We numerically con-
firm the sum rule of coefficients CK for prime knots. We
suggest that it gives a numerical support for the local
knot conjecture. In section 6 we discuss how effective
the asymptotic expansion of the knotting probability is.
In section 7 we give some concluding remarks.
II. NUMERICAL METHODS
Let us explain the method for evaluating the knotting
probability of a given knot K for the cylindrical SAP: We
generate an ensemble of cylindrical SAP by the Monte-
Carlo method, detect the knot type of the SAP by calcu-
lating some knot invariants, and then evaluate the knot-
ting probability of the knot K for the cylindrical SAP.
A. Algorithm for generating cylindrical SAP
We construct an ensemble of SAP consisting of N
cylindrical segments with radius rex as follows
36. First,
we construct an initial polygon by an equilateral regular
N -gon, where the vertices have numbers from 1 to N ,
consecutively. Second, we choose two vertices randomly
out of the N vertices. Suppose that they are given by
numbers p1 and p2.We rotate a sub-chain between the
vertices p1 and p2 around the straight line connecting
them by an angle chosen randomly from 0 to 2pi. Third,
we check whether the rotated sub-chain has any over-
lap with the other part of the polygon or not. If the
distance between every pair of non-neighboring segments
(or polygonal edges) of the polygon is larger than 2rex,
we find that the polygon does not have any overlap. If it
has no overlap, we employ the rotated configuration as
the cylindrical SAP in the next Monte-Carlo step. If it
has an overlap, we employ the previous configuration of
SAP before rotation in the next Monte-Carlo step. Then,
we repeat this procedure many times such as 2N times.
In the case of rex = 0, the SAPs generated by the above
algorithm are given by equilateral random polygons. The
algorithm for generating cylindrical SAPs with rex = 0 is
also called the polygonal folding method (PFM)49. The
ergodicity of PFM is shown in Ref.49,50 (see also51).
B. Method for evaluating the knotting probability
We detect the knot type of a given SAP by evaluating
mainly the values of the two knot invariants: The abso-
lute value of the Alexander polynomial |∆K(t)| evaluated
at t = −1 and the Vassiliev invariant of the second order
v2(K) for a knot K. If a given SAP has the same values
of two knot invariants as a knot K, we assume that the
topology of the polygon is given by the knot K. For some
cases we also evaluate the Vassiliev invariant of the third
order, as we shall see later.
Some pairs of knots have the same values of the two
knot invariants in common. For example, both knot 74
and knot 31#51 have the same values |∆K(−1)| = 15 and
v2(K) = 4. Therefore, we cannot distinguish between
knot 74 and knot 31]51 only by calculating the two knot
invariants. In order to distinguish them we evaluate the
Vassiliev invariants of the third order for such polygons.
The Vassiliev invariants of any order can be calculated
by the method of the quasi-classical expansion of the R-
matrix of the quantum group24,52. However, we employ
the algorithm due to Polyak and Viro to calculate the
Vassiliev invariants of the second order and the third
order53. In fact, by the latter method the Vassiliev in-
variants are calculated only through the Gauss codes46
(or the Dowker codes).
C. Number of SAPs generated in the simulation
In the present simulation for each value of radius rex we
generated 2× 105 polygons for N ≤ 4, 000, 105 polygons
for N satisfying 4, 000 ≤ N ≤ 6, 000, 5×104 polygons for
N satisfying 6, 000 ≤ N ≤ 8, 000, and 4 × 104 polygons
for N satisfying 8, 000 ≤ N ≤ 10, 000.
4In the present simulation the number of segments N is
given from 100 to 3, 000 for the cylindrical SAP of zero
thickness (rex = 0), i.e. equilateral random polygons;
from 100 to 3000 for cylindrical SAP with rex = 0.005
and 0.01; from 100 to 4000 with rex = 0.02; from 100 to
5, 000 with rex = 0.03; from 100 to 7, 000 with rex = 0.04;
from 100 to 8, 000 with rex = 0.05; from 100 to 10
4 with
rex = 0.06, 0.08 and 0.1.
*********************
III. KNOTTING PROBABILITIES OF VARIOUS KNOTS
A. Knotting probability for prime knots
FIG. 2. Knotting probability of the trefoil knot (31) versus
the number of segments N for the cylindrical SAPs with ten
different values of the cylindrical radius. The plots for the
values of radius rex given by 0.0, 0.005, 0.01, 0.02, 0.03, 0.04,
0.05, 0.06, 0.08 and 0.10, are depicted by circles (red), stars,
upper triangles, diamonds, squares, lower triangles, saltires
or Xs, crosses, circles (blue) and stars (purples), respectively.
The fitted curves have the best estimates of the parameters
of Eq. (1) listed in Table I.
1. Maximum probability of trefoil knot increases as the
excluded volume of SAP increases
Let us denote by the symbol PK(N, rex) the knotting
probability of a knot K for the cylindrical SAP consisting
of N cylindrical segments with radius rex.
In Fig. 2 the knotting probabilities of the trefoil knot
(31) for the cylindrical SAP with radius rex are plot-
ted against segment number N for various values of
cylindrical radius rex. Here we have plotted them for
ten different values of cylindrical radius such as rex =
0.0, 0.005, 0.01, 0.02 · · · , and so on.
We observe in Fig. 2 that the maximum value of the
knotting probability of knot 31 increases as radius rex in-
creases. The peak height of each plot increases gradually
as radius rex increases, while the peak position, i.e. the
number of segments N at which the knotting probability
gives the maximum value, is shifted to the right as radius
rex increases. The peak position is approximately given
by the characteristic length N31 if we assume eq. (1).
Here we remark that the exponent of trefoil knot, m(31),
is estimated as roughly equal to 1.0, as shown later.
In Fig. 3 the knotting probabilities of the figure-eight
knot (41) for the cylindrical SAP with radius rex are plot-
ted against segment number N for various values of ra-
dius rex. In Fig. 3 the maximum value of the knotting
probability of knot 41 decreases with respect to radius
rex.
The fitted curves in Figs. 2 and 3 are given by formula
(1). They are good, since the χ2 values are less than 2.0
for all the curves. Here we remark that the best estimates
of parameters of Eq. (1) are listed in Tables and I and
II for knots 31 and 41, respectively, together with the χ
2
value per degree of freedom (DF).
FIG. 3. Knotting probability of the figure-eight knot 41 for
cylindrical SAPs with ten different values of the cylindrical
radius: rex = 0.0, 0.005, 0.01, 0.02, 0.03, 0.04, 0.05, 0.06,
0.08 and 0.1. The fitted curves have the best estimates of the
parameters of Eq. (1) listed in Table II.
The knotting probabilities of such prime knots that
have less than or equal to seven minimal crossings for
the cylindrical SAP with radius rex are fitted by formula
(1). The best estimates of the parameters of Eq. (1)
together with the χ2 value per DF are listed in Tables
IX and X in Appendix A: for knots 51, 52, 61, 62, and
63 in Table IX; for 71, 72, 73 74, 75, 76 and 77 in Tables
X. The χ2 values are smaller than 2.0 for all the fitted
curves.
We can show that the maximum value of the knotting
probability of a knot K is determined by the coefficient
CK . We shall show it in section IV A by making use of
Eq. (1).
The increase of the maximum value of the knotting
probability for a nontrivial knot with respect to the ex-
5rex CK m(K) NK ∆N(K) χ
2/DF
0 0.6183± 0.0012 0.852± 0.014 257.1± 1.2 18.4± 2.2 0.56
0.005 0.6643± 0.0018 0.832± 0.015 380.5± 2.3 22.± 2.7 1.14
0.01 0.7039± 0.0017 0.856± 0.013 517.7± 3.1 19.± 2.5 1.19
0.02 0.7644± 0.0010 0.8929± 0.0067 867.7± 3.3 13.9± 1.7 0.68
0.03 0.8087± 0.0013 0.9303± 0.0074 1348.3± 6.9 9.1± 2.2 1.13
0.04 0.8404± 0.0014 0.9414± 0.0064 2047.± 11. 6.7± 2.3 1.15
0.05 0.8607± 0.0013 0.9369± 0.0051 3051.± 17. 13.7± 2.0 0.91
0.06 0.8765± 0.0011 0.9385± 0.0034 4455.± 21. 14.2± 1.5 0.41
0.08 0.902± 0.0031 0.9513± 0.0069 8770.± 140. 18.4± 2.9 0.94
0.1 0.926± 0.0120 0.9520± 0.0076 16690.± 550. 24.5± 3.5 1.01
TABLE I. Best estimates of the parameters in Eq. (1) for the knotting probability of the trefoil knot 31 with ten different
values of cylindrical radius rex.
cluded volume should be interesting and not trivial. It
is only the case for the trefoil knot (31) among all the
prime knots as far as we have investigated. For other
prime knots the maximum value of the knotting prob-
ability decreases as radius rex increases. We confirm it
from the estimates of knot coefficients CK for knots 41
in Table II, 51, 52, 61, 62, and 63 in Tables IX, 71, 72, 73
74, 75, 76 and 77 in Table X in Appendix A.
We observe in Figs. 2 and 3 as well as in those of
knots 51 and 52 that the maximum value of the knotting
probability for knot K decreases as the minimal crossing
number of the knot K increases at least among the four
prime knots, 31, 41, 51 and 52.
2. Fitted curves with knot exponent close to 1
The estimate of exponent m(K) of a knot K is roughly
given by 1.0 for the four prime knots, 31, 41, 51 and
52. In Table I the exponent m(31) of the trefoil knot
is approximately given by 1.0 . However, if we consider
the estimates of errors, it is clearly smaller than 1.0 with
respect to errors. Here we recall that the best estimates
of parameters of eq. (1) are listed in Tables I and II
together with the χ2 value per DF for knots 31 and 41,
respectively.
3. Small-N region
When segment numberN is small such as much smaller
than the characteristic length NK , the knotting proba-
bility of a nontrivial knot K can be approximated by a
straight line as a function of N . We observe it in Figs.
2 and 3 for knots 31 and 41, respectively. We also see it
for knots 51 and 52.
In the small-N region if we fix a number of segments
N the knotting probability PK(N, rex) decreases with
respect to radius rex, as shown in Figs. 2 and 3. If
we assume the four-parameter formula (1) it is a conse-
quence of the fact that the characteristic length increases
rapidly with respect to the excluded-volume parameter,
i.e. the cylindrical radius rex. For small-N region such
as N  NK , formula (1) is approximated by a linear
function of N as
PK(N, rex) ≈ CKN −∆N(K)
NK
. (5)
Here for simplicity we have assumed that the exponent
m(K) of knot K is almost given by 1 if knot K is a
prime knot. As radius rex increases the characteristic
length NK increases rapidly while the coefficient CK does
not change very much, so that the knotting probability
decreases with respect to rex for a given fixed number of
segments N .
Here we remark that the finite-size corrections ∆N(K)
increase slightly as cylindrical radius rex increases.
4. Knots with the same crossing number
For the knotting probabilities of knots 51 and 52 that
of knot 52 is almost twice as large as that of knot 51,
although they have the same minimal crossing numbers.
We can confirm it from the estimates of knot coefficients
CK listed in Table IX of Appendix A. Here we remark
that knot 51 is a torus knot, while knot 52 is a twsit
knot46.
Interestingly, it is also the case for knots 71 and 72.
The knot coefficient of knot 72, which is a twist knot, is
more than twice as large as that of knot 71, which is a
torus knot, as listed in Table X of Appendix A.
B. Knotting probabilities of composite knots
Let us introduce prime knots and composite knots46. If
a diagram of a knot K is decomposed into two diagrams
of nontrivial knots K1 and K2 by cutting two points in
the diagram of K, we say that it is composed of the
6rex CK m(K) NK ∆N(K) χ
2/DF
0 0.13113± 0.00090 0.841± 0.041 257.5± 3.8 31.9± 6.0 1.43
0.005 0.1279± 0.00078 0.793± 0.027 383.5± 4.5 38.0± 4.4 0.94
0.01 0.12575± 0.00062 0.929± 0.033 492.8± 7.2 20.3± 6.0 1.36
0.02 0.11522± 0.00047 0.887± 0.018 860.8± 9.3 26.7± 4.2 0.89
0.03 0.10542± 0.00040 0.902± 0.014 1355.± 15. 31.4± 3.8 0.75
0.04 0.09443± 0.00046 0.891± 0.015 2096.± 28. 34.3± 4.5 0.96
0.05 0.08711± 0.00033 0.937± 0.012 3004.± 39. 26.8± 4.4 0.59
0.06 0.07865± 0.00058 0.932± 0.019 4420.± 120. 27.5± 7.7 1.34
0.08 0.0663± 0.0011 0.938± 0.031 8820.± 670. 46.± 11. 1.82
0.1 0.0595± 0.0025 0.981± 0.024 15700.± 1600. 39.± 10. 0.74
TABLE II. Best estimates of the parameters in Eq. (1) for the knotting probability of the figure-eight knot 41 with ten different
values of cylindrical radius rex.
two knots and denote it by K = K1#K2. We also say
that it is the product of them. If a knot K cannot be
decomposed into a product of two nontrivial knots, we
say that it is prime.
1. Factorization properties of exponents and coefficients
By applying Eq. (1) to the data points of the knotting
probability versus segment numberN we observe that the
best estimate of the exponent m(K) for a composite knot
K = K1#K2 is given by the sum of the best estimates
of the exponents for constituent knots K1 and K2
24
m(K1#K2) = m(K1) +m(K2) . (6)
We call it the factorization property of exponents m(K).
An analytical derivation of Eq. (6) was argued by assum-
ing the local knot picture25. In several models of RP and
SAP the estimate of exponent m(K) of a composite knot
is approximately given by the number of prime knots of
which the composite knot consists.
Similarly, in several models of RP and SAP we observe
the factorization property of knot coefficients CK : for a
composite knot K1#K2 consisting of knots K1 and K2
we have CK1#K2 = CK1CK2 , if K1 6= K2, among the
estimates of coefficients CK1#K2 , CK1 and CK2 . For a
composite knot K consisting of n prime knots such that
there are nj copies of prime knots Kj and the sum of
integers nj is given by n, we have
CK =
∏
j
(
CKj
)nj
/nj ! . (7)
We remark that in the present research we shall numer-
ically show the factorization property for the fitting pa-
rameters CK of the four-parameter formula (1) where
finite-size corrections ∆N(K) are taken into account.
For lattice knots the factorization property among co-
efficients CK for large N is studied numerically by mak-
ing use of the asymptotic expansion of the knotting
probability33, which corresponds to Eq. (4) where no
finite-size corrections ∆N(K) are considered.
It has been suggested that the factorization proper-
ties of exponents m(K) and coefficients CK are favorable
to the local-knot picture. Here we recall the local knot
conjecture that for a RP or SAP with a nontrivial knot,
the knotted part of the RP or SAP is localized in some
way28,30,32. However, it is not trivial to show the sugges-
tion even numerically35.
2. Fitted curves for composite knot of two trefoil knots
FIG. 4. Knotting probability of composite knot 31#31 versus
the number of segments N for the cylindrical SAP with ten
different values of radius: rex = 0.0, 0.005, 0.01, 0.02, 0.03,
0.04, 0.05, 0.06, 0.08 and 0.1. The fitted curves are given by
applying Eq. (1), where the best estimates of the parameters
are listed in Table III.
In Fig. 4, the numerical estimates of the knotting prob-
ability of composite knot 31#31 are plotted against the
number of segments N for the cylindrical SAPs with ten
different values of cylindrical radius rex. Here we remark
that the composite knot 31#31 consists of the product of
7two trefoil knots 31 and 31. The fitted curves are given by
eq. (1). The fitted curves fit very well to the data points.
The χ2 values are small. Here, the best estimates of the
fitting parameters and the χ2 values are given in Table
III.
It is clear in Fig. 4 that the maximum value of the
knotting probability of the composite knot 31#31 in-
creases as cylindrical radius rex increases. The peak po-
sition is approximately given by twice the characteristic
length N0. It is compatible with the fact that the esti-
mate of the exponent of the composite knot is approxi-
mately given by 2.0: m(31#31) = 2.0 . Here we recall
that the characteristic length N0 also increases with re-
spect to the cylindrical radius.
The numerical data of the knotting probability of a
composite knot 31#31#31 are plotted against the num-
ber of segments N for the cylindrical SAP with eight
different values of cylindrical radius rex in Fig. 9 of Ap-
pendix A. The fitted curves given by eq. (1) are good.
The best estimates are listed in Table XI of Appendix A.
We suggest that the maximum value of the knotting
probability of the trefoil knot 31 and that of a composite
knot consisting of only the trefoil knot 31 increases as the
excluded-volume parameter rex increases, while the max-
imum value of the knotting probability of any prime knot
other than knot 31 decreases exponentially with respect
to cylindrical radius rex.
3. Fitted curves for other composite knots
In Fig. 5 the knotting probabilities of various compos-
ite knots consisting of knots 31 and 41 such as 31#41,
31#31#41 etc., are plotted against the number of seg-
ments N for the cylindrical SAP in the case of zero thick-
ness, i.e. for rex=0. The fitted curves given by (1) are
good and have small χ2 values per DF. The peak posi-
tions in Fig. 5 are classified to the three types: those
of composite knots consisting of two prime knots such as
31#41, those of composite knots consisting of three prime
knots such as 31#31#41, and those of composite knots
consisting of four prime knots such as 31#31#31#41.
We have plotted the estimates of the knotting probabil-
ities of composite knots against the number of segments
N for a large number of composite knots such as 130
composite knots36. We observe the factorization proper-
ties of knot exponents and knot coefficients such as given
in Eq. (6) and Eq. (7), respectively.
IV. FUNDAMENTAL PROPERTIES OF KNOT
COEFFICIENTS
A. Knot coefficients determine the maximum of knotting
probability
We now show that the knot coefficients CK mainly
determine the maximum value of the knotting probability
FIG. 5. Knotting probabilities of several composite knots
that contain the trefoil knot 31 and the figure-eight knot 41
for the cylindrical SAP with zero thickness rex = 0, i.e., equi-
lateral random polygons. Here the data points of compos-
ite knots 31#41, 41#41, 31#31#31, 31#31#41, 31#41#41,
31#31#31#31, 31#31#31#41, 31#31#41#41 are depicted
by circles, diamonds, upper triangles, stars, squares, lower
triangles, saltires or Xs and crosses, respectively. The fitted
curves are given by Eq. (1).
of a knot K.
We recall that the estimates of exponents m(K) for
several prime knots are close to 1.0 but not equal to 1.0
with respect to errors. Here we also recall that the best
estimates of the exponents m(K) defined in Eq. (1) for
knots 31 and 41 are given in Tables I and II, respectively,
and for knots with five and six minimal crossings and
those of seven minimal crossings are listed in Tables IX
and X, respectively, in Appendix A.
The range of the best estimates of exponent m(K) is
given from 0.8 to 1.2 for the prime knots. The best esti-
mate of m(K) increases slightly as cylindrical radius rex
increases.
Let us express the maximum values of the knotting
probability in terms of the fitting parameters of Eq. (1).
By taking its derivative with respect to N we have
dP (N, rex,K)
dN
=
CK
NK
N˜m(K)−1(m(K)− N˜) exp(−N˜)
(8)
Therefore, the knot probability of a nontrivial knot K
has the maximum value at N˜ = m(K):
N = m(K)NK + ∆N(K). (9)
The maximum value of the knotting probability of knot
K is thus given by
MaxProb(K) = CKm(K)
m(K) exp(−m(K)) . (10)
The value of m(K)m(K) exp[−m(K)] does not change
very much when the value of exponent m(K) varies from
0.8 to 1.2. In fact, the value of m(K)m(K) exp(−m(K)) is
given by 0.376 for m(K) = 0.8, and 0.368 for m(K) = 1.
8rex CK m(K) NK ∆N(K) χ
2/DF
0 0.2010± 0.0021 1.759± 0.018 261.1± 1.3 26.3± 1.8 0.61
0.005 0.2367± 0.0033 1.817± 0.024 380.5± 2.8 19.3± 2.7 1.19
0.01 0.2740± 0.0031 1.801± 0.020 522.2± 3.9 24.8± 2.7 1.26
0.02 0.3212± 0.0017 1.8430± 0.0098 873.0± 3.7 24.6± 1.8 0.47
0.03 0.3491± 0.0033 1.897± 0.016 1354.± 12. 21.1± 3.7 1.28
0.04 0.3744± 0.0028 1.899± 0.012 2069.± 16. 22.4± 3.6 0.87
0.05 0.3989± 0.0034 1.899± 0.013 3099.± 31. 33.3± 4.4 0.86
0.06 0.4028± 0.0057 1.940± 0.017 4337.± 70. 31.1± 6.8 1.26
TABLE III. Best estimates of the parameters of Eq. (1) for the knotting probability of composite knot 31#31 with ten different
values of cylindrical radius rex.
Therefore, the maximum value of the knotting proba-
bility of a given prime knot K depends mainly on the
coefficient CK .
B. How the knot coefficients of prime knots depends on
the cylindrical radius
The coefficients CK of the prime knots K with up to
seven crossings are plotted against cylindrical radius rex
in Fig. 6 in the semi-logarithmic scale. In Fig. 6 it is clear
FIG. 6. Coefficients CK versus cylindrical radius rex for the
primes knots with crossing number being less than or equal to
seven in the semi-logarithmic scale. Fitted curves are given
by applying Eq. (12) to the data of the trefoil knot and (11)
to the data of the other prime knots.
that the coefficients CK for the prime knots other than
the knot 31 decay exponentially with respect to cylin-
drical radius rex. Furthermore, as the minimal crossing
number of a knot K increases, the absolute value of the
gradient of the fitted line to the data points increases.
Let us express the coefficient CK of a prime knot K
as a function of cylindrical radius rex. For any given
prime knot other than the trefoil knot 31 we introduce
as a fitting formula an exponentially decaying function
of cylindrical radius rex as follows.
CK(rex) = a1(K) exp(−b1(K)rex) (11)
Here, parameter b1(K) denotes the constant of exponen-
tial decay with respect to the cylindrical radius rex, and
parameter a1(K) the coefficient for it. In Table IV the
best estimates of fitting parameters a1(K) and b1(K) of
eq. (11) together with the χ2/DF values are listed. In
Fig. 6 the fitted curves are given by eq. (11). We ob-
serve that the fitted curves are good since the χ2 values
per DF are less than 2.0 for all of them.
Knot type K a1(K) b1(K) χ
2/DF
41 0.1357± 0.0013 8.82± 0.27 8.70
51 0.04387± 0.00042 20.81± 0.34 3.56
52 0.07741± 0.00046 21.91± 0.22 3.02
61 0.02234± 0.00029 34.30± 0.56 3.96
62 0.02389± 0.00050 35.97± 0.82 7.82
63 0.01580± 0.00037 40.8± 1.1 5.56
71 0.003022± 0.000038 47.02± 0.79 0.42
72 0.00665± 0.00010 47.52± 0.82 0.76
73 0.00538± 0.00011 48.0± 1.2 1.17
74 0.002866± 0.000071 50.2± 1.5 0.90
75 0.00778± 0.00014 51.22± 0.99 1.83
76 0.009159± 0.000071 52.02± 0.44 0.41
77 0.00624± 0.00021 55.6± 1.7 1.80
TABLE IV. Best estimates of parameters in eq. (11) which
expresses the coefficients CK of prime knots other than the
trefoil knot as a function of cylindrical radius rex.
In Table IV we observe that as the minimal crossing
number of knot K increases the best estimate of a1 of
a knot K becomes smaller while that of b1 of a knot K
becomes larger. That is, if a knot K is more complex
than a given fixed knot, the knotting probability of the
knot K is smaller than that of the given fixed knot.
For the trefoil knot 31 we express the coefficient of
knotting probability, C31 , as a function of cylindrical ra-
dius rex by the following function:
C31(rex) = a0(31)(1− a1(31) exp(−b1(31)rex)) . (12)
The coefficient of the trefoil knot C31 approaches a con-
stant value a0(31) ≈ 0.92 exponentially with respect to
9cylindrical radius rex. The best estimates are given by
a0(31) = 0.919 ± 0.003, a1(31) = 0.327 ± 0.002 and
b1(31) = 33.1 ± 0.8 with χ2/DF = 1.8. We conclude
that the fitted curve is good since the χ2 values per DF
is less than 2.0.
The coefficient CK of the trefoil knot 31 increases grad-
ually from C31 = 0.62 at rex = 0 to C31 = 0.91 at
rex = 0.1 as cylindrical radius rex increases. The coef-
ficient C31 becomes relatively large as cylindrical radius
rex becomes large. For an illustration, two examples of
the ratios among coefficients CKs are given as follows.
C31 : C41 : C51 : C52 ∼ 14 : 3 : 1 : 1.8, for rex = 0 (13)
C31 : C41 : C51 : C52 ∼ 119 : 7 : 1 : 1.4, for rex = 0.1
(14)
Thus, the maximum probability of knot 31 is 119 times
larger than that of knot 51 in the case of rex = 0.1.
We thus suggest that the maximum value of the knot-
ting probability of knot 31 does not decrease even if the
excluded volume becomes very large. Here we recall that
the maximum knotting probability of a prime knot K is
almost determined by the coefficient CK , and that coef-
ficient of knot 31 increases gradually as the cylindrical
radius rex increases, and hence a large number of SAPs
being equivalent to knot 31 or its composite knots are
generated when the cylindrical radius rex is large. When
the cylindrical radius is large such as rex = 0.1, the ma-
jority of nontrivial knots are given by the trefoil knot and
its composite knots.
C. Factorization of knot coefficients for composite knots
We now show numerically that the factorization prop-
erty of knot coefficients CK holds for such composite
knots K that consist of two prime knots (n = 2) and
three prime knots (n = 3), respectively. We shall show it
for the best estimates of the knot coefficients CK of the
fitted curves given by Eq. (1) applied to the data of the
knotting probabilities.
Let us recall the factorization property of knot coeffi-
cients CK explicitly in the case of n = 2: If a knot K is
given by the product of two different prime knots K1 and
K2, the coefficient of the composite knot K = K1#K2 is
given by
CK1#K2 = CK1CK2 , (15)
while if it consists of the product of a pair of the same
prime knot K1, the coefficient of the composite knot
K1#K1 is given by
CK1#K1 = C
2
K1/2! . (16)
Assuming the factorization properties (15) and (16) for
the coefficients CK of composite knots K = K1#K2 con-
sisting of two prime knots K1 and K2, we can evaluate
numerically the coefficients CK of the composite knots
K. Here we make use of expressions (11) and (12) as
functions of cylindrical radius rex, and taking their prod-
ucts. For instance, in the case of the composite knot of
two figure-eight knots K = 41#41 we evaluate the coef-
ficient C41#41 by
C41#41(rex) = c1(41)
2 exp (−2d1(41)rex) /2!. (17)
We thus have two methods for evaluating knot coeffi-
cients CK for such composite knots K consisting of two
prime knots K1 and K2. In the first method, by applying
Eq. (1) we derive fitted curves to the data points of the
knotting probabilities of composite knots K = K1#K2,
and evaluate coefficients CK by the best estimates of the
fitting parameters of Eq. (1). In the second method, we
evaluate knot coefficients CK for composite knots con-
sisting of prime knots K1 and K2 by taking the product
of the coefficients CK1 and CK2 given by (11) and (12)
as functions of cylindrical radius.
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31#31
FIG. 7. Coefficient CK of a composite knot K = K1#K2
versus cylindrical radius rex. The data points for knots 31#31,
31#41, 31#51, 31#52, and 41#41 are depicted by filled circles,
diamonds, upper triangles, stars, and squares, respectively.
They are obtained from the fitted curves given by Eq. (1). To
each composite knot K = K1#K2 the dotted curve is given
by the product of CK1 and CK2 as functions of cylindrical
radius rex given in Eqs. (11) and (12).
In Fig. 7 we plot the estimates of the coefficient CK of
a composite knot K = K1#K2 consisting of two prime
knots K1 and K2 against cylindrical radius rex. They are
shown by the data points in Fig. 7. Here we recall that
the best estimate of CK is evaluated by applying Eq.
(1) to the knotting probabilities of the composite knot
K plotted against segment number N for the cylindrical
SAP with a given value of radius rex. To each of the five
composite knots, the dotted curve is drawn by making
use of the expression as a function of cylindrical radius
rex given by the product of Eqs. (11) and (12). For
instance, we recall (17) for the composite knot of two
figure-eight knots.
The dotted curves are very close to the data points
and almost overlapping them, as shown in In Fig. 7.
The agreement of the results of the two method should
10
be quite remarkable. Here we remark that they have no
parameters to fit.
We have thus numerically confirmed that the factor-
ization properties (15) and (16) for n = 2 hold among
the best estimates of coefficients CK in the cylindrical
SAP with various different values of cylindrical radius.
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31#31#5131#31#41
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FIG. 8. Coefficients CK for composite knots K consisting of
three prime knots: K1#K2#K3 versus cylindrical radius rex.
The data points for knots 31#31#31, 31#31#41, 31#31#51,
31#31#52, and 31#41#41 are depicted by filled circles, dia-
monds, upper triangles, stars, and squares, respectively. They
are evaluated by applying Eq. (1) to the data of the knotting
probabilities. The dotted curves are given by taking the prod-
uct of the coefficients CK of the constituent prime knots. For
instance, the coefficient C31#31#31 is calculated as (C31)
3 /3!.
Also for such composite knots K that consist of three
prime knots as K = K1#K2#K3, we have the same two
methods for evaluating the knot coefficients CK . First,
by applying Eq. (1) we derive fitted curves to the data
points of the knotting probabilities of composite knots
K = K1#K2#K3 plotted against segment number N ,
we evaluate coefficients CK as the best estimates of the
fitting parameter. Second, we evaluate CK by taking the
product of CK1 , CK2 and CK3 given by Eqs. (11) and
(12).
In Fig. 8 we plot the estimates of the coefficient CK of
a composite knot K = K1#K2#K3 consisting of three
prime knots K1, K2 and K3 against cylindrical radius
rex. Here we recall that the best estimate of CK for
a composite knot K obtained by applying Eq. (1) to
the knotting probability of the composite knot K for the
cylindrical SAP with a given value of radius rex, and
it is shown by a data point in Fig. 8. To each of the
composite knots K the dotted curve is drawn by making
use of the expressions as functions of cylindrical radius
rex given by Eqs. (11) and (12). The dotted curves are
drawn by calculating the numerical values against radius
rex by making use of the coefficients of the prime knots
as functions of cylindrical radius rex and do not have any
fitting parameters in order to make them fit to the data
points of Fig. 8. However, the dotted curves are very
close to the data points.
We have thus numerically confirmed that the factor-
ization properties (7) for n = 3 hold in the cylindrical
SAP for various values of cylindrical radius.
V. VARIOUS PROPERTIES OF THE FITTING
PARAMETERS FOR KNOTTING PROBABILITY
A. Thickness dependence of the knotting probability in
the small segment number region
We show the connection of the thickness dependence
of knot coefficients CK to the gradient of the knotting
probability as a linear function of segment number N in
the small-N region studied in Refs. 39 and 40.
If the number of segments N is much smaller than the
characteristic length of knotting probability N0, then the
four-parameter formula is approximated by a linear func-
tion of N as Eq. (5). Here, the gradient of the graph as a
function of N is given by CK/NK and it is approximately
expressed as a function of cylindrical radius rex as
C31(rex)
N31(rex)
=
a0(31)(1− a1(31) exp(−b1(31)rex))
c0(31) + c1(31) exp(d1(31)rex)
(18)
for the trefoil knot and
CK(rex)
NK(rex)
=
a1(K) exp(−b1(K)rex)
c0(K) + c1(K) exp(d1(K)rex)
(19)
for prime knots other than the trefoil knot.
In Refs.39,40 the graph of the knotting probability of a
knot against segment number N is expressed as a linear
function of N and its gradient is approximated by an ex-
ponentially decaying function of the diameter of cylindri-
cal segments. Here the gradient corresponds to the ratio
CK/NK in the present paper. The thickness dependence
of the gradient CK/NK expressed as eq. (19) is more
complex than an exponentially decaying function.
We can show that the expressions of Eq. (18) and (19)
for the gradient CK/NK generalize the thickness depen-
dence given in Refs.39,40 valid in the small-N region to
that of much wider ranges of segment number N : The
expressions (18) and (19) coincide with the approximate
exponential dependence of the knotting probability on
the thickness of cylindrical segments shown in Refs.39,40
for small N , and they are valid also for large N .
Let us express the approximate exponential-
dependence as exp(−γKrex) in terms of cylindrical radius
rex. In Ref.
39 the decay constants γK are estimated by
44, 62, 84 and 84 for the trefoil knot 31, the figure-eight
knot 41, knot 51 and knot 52, respectively. It is easy
to show explicitly that the graph of CK(rex)/NK(rex)
versus cylindrical radius rex almost completely overlaps
with that of (CK(0)/NK(0)) exp(−γKrex) versus cylin-
drical radius rex for each knot K among the four prime
knots: 31, 41, 51 and 52.
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B. Connection to lattice knots: Universal ratios of
knotting probabilities of prime knots
It is numerically shown in Ref.34 that the asymptotic
behavior of the ratio of knotting probabilities does not
depend on the types of lattices for some knots. It is
suggested that the ratio of the knotting probability of a
knot K1 to that of a knot K2 is given by a universal value
for each pair of knots K1 and K2. From the viewpoint
of formula (1) the knotting probability ratio in the large
N limit is expressed in terms of the ratio of coefficients
CK :
P (N, rex,K1)
P (N, rex,K2)
=
CK1
CK2
. (20)
Let us now make an application of Eq. (11) for express-
ing the thickness dependence of knot coefficents CK(rex).
Here we recall that the best estimates of are given in Ta-
ble IV. The knotting probability ratio of K = 41 to 51 is
given by 15 in Ref.34. Applying formula (11) we have
C41
C51
=
0.136 exp(−8.8 rex)
0.044 exp(−21.0 rex) = 3.09 exp(12.2 rex) . (21)
By equating it to the ratio 15 we have the estimate of
the corresponding cylindrical radius
rex = 0.13. (22)
Similarly, for knot probability ratio of K = 41 to 52, by
setting the equation: C41/C52 = 9 we have
rex = 0.12. (23)
It is interesting to note that both of the values of radius
rex are close to 1/8. Here, the diameter 2rex is given by
1/4.
We suggest that the results of the cylindrical SAP with
rex = 1/8 are consistent with those of lattice SAP. We
have a conjecture that if we evaluate the statistical length
of SAP on lattice, then the characteristic length of knot-
ting probability for lattice SAP corresponds to that of
off-lattice SAP with rex = 1/8.
C. Sum rules of knot coefficients and factorization
properties
We now argue that knot coefficients CK satisfy simple
relations, which we call sum rules. Furthermore, we show
that the sum rules are consistent with the factorization
properties of coefficients CK for composite knots.
Let us classify all knots into classes of knots consist-
ing of n prime knots. For instance, we have n = 1 for
prime knots, n = 2 for composite knots consisting of two
prime knots, etc. Suppose that a given composite knot K
consists of n prime knots. Then, we denote the number
of constituent prime knots n by |K|, i.e. |K| = n. For
simplicity, we assume that the characteristic lengths NK
for knots K are given by the same number N0, the expo-
nent m(K) is given by the number of such prime knots
that are constituent knots of K, the finite-size corrections
∆N(K) are given by zero.
We remark that the sum of the knotting probabilities
over all knots is given by 1. We therefore have
1 =
∞∑
n=0
∑
|K|=n
PK(N)
=
∞∑
n=0
∑
|K|=n
CKx
n exp(−x) . (24)
Here variable x is defined by x = N/N0. The symbol∑
|K|=n denotes the sum over all such composite knots
that consist of n prime knots. It follows from Eq. (24)
that we have
ex =
∞∑
n=0
xn
∑
|K|=n
CK . (25)
Through the Taylor expansion of the exponential func-
tion we have an infinite number of conditions for the knot
coefficients CK ∑
|K|=n
CK = 1/n!. (26)
The sum of the knot coefficients over such knots that
consist of n prime knots is given by 1/n!.
In the case of n = 2, by expressing the composite knot
B as K = K1#K2 we have∑
|K|=2
CK =
∑
K1<K2;prime
CK1#K2 +
∑
K1=K2:prime
CK1#K2
=
1
2
∑
K1:prime
∑
K2 6=K1:prime
CK1#K2 +
∑
K1=K2:prime
CK1#K2
(27)
If we assume for different constituent knots K1 6= K2 we
have CK1#K2 = CK1CK2 and for the same knot we have
CK1#K1 = C
2
K1
/2!, then we have
∑
|K|=2
CK =
 ∑
K1:prime
CK1
2 /2! (28)
Thus, the sum rule for n = 2 (i.e., the condition for
n = 2) is derived if the sum of the coefficients CK1 of
prime knots K1 over all the prime knots is given by 1:∑
K1:prime
CK1 = 1. (29)
We call Eq. (29) the sum rule for n = 1.
If a composite knot K consists of n prime knots where
n = n1+n2+· · · and n1 knots are given by the same prime
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knot K1, n2 knots by K2, etc., we have factorization
properties (7) as follows.
CK = (CK1)
n1 /n1! · (CK2)n2 /n2! · · · . (30)
Then, the sum of coefficients CK over all composite knots
consisting of n prime knots is expressed with the sum of
coefficients CK over all prime knots as
∑
|K|=n
CK =
 ∑
K1:prime
CK1
n /n! (31)
It follows that all the conditions (26) are derived from
the condition (29) that the sum of coefficients CK1 over
all prime knots K1 is given by 1.
rex Sum of prime knot coefficients:
∑
|K|=1 CK
0.0 0.9737± 0.0049
0.005 0.9855± 0.0050
0.01 0.9967± 0.0038
0.02 1.0021± 0.0027
0.03 1.0056± 0.0029
0.04 1.0051± 0.0029
0.05 0.9990± 0.0022
0.06 0.9969± 0.0024
0.08 0.9921± 0.0049
0.1 1.0039± 0.0166
TABLE V. The sum of coefficients CK over some prime knots
for cylindrical SAPs with ten different values of cylindrical
radius rex. We take the sum over the prime knots with up
to seven crossings from rex = 0 to rex = 0.04, up to six
crossings for rex = 0.05, 0.06, and up to five crossings for
rex = 0.08, 0.10.
Let us confirm the sume rule (29) numerically. In Ta-
ble V we present the sum of the best estimates of coeffi-
cients CK over the prime knots with up to some number
of crossings for the cylindrical SAP with radius rex in
each value of radius among the ten different values. We
observe that the sum rule (29) is numerically satisfied
with respect to errors by the coefficients CK of the prime
knots we have investigated.
It is impressive to see how well the sum rule holds
with respect to errors, although we do not assume that
m(K) = 1 or ∆N(K) = 0 for all prime knots. Here
we recall that the sum rule is derived from the knotting
probability formula (1) by assuming some properties of
the fitting parameters such as the factorization properties
of exponents m(K) and coefficients CK .
We suggest that the confirmation of the sum rule for
prime knots (i.e., n = 1) shown in Table V gives a nu-
merical support for the validity of the local knot picture
in the knotting probability. Here we assume that the
factorization properties of knot exponents and knot coef-
ficients for the knotting probability are derived from the
local knot picture that the knotted region of a knotted
SAP is localized in the whole configuration of the SAP.
VI. ASYMPTOTIC EXPANSION OF THE KNOTTING
PROBABILITY
We now investigate how far the three-parameter
asymptotic formula (4) is effective for describing the
knotting probability as a function of the segment number
N . Here we recall that the four-parameter fitting formula
(1) is derived by modifying the asymptotic formula (4)
and also that it corresponds to the asymptotic expansion
(3) of the logarithm of the partition function ZK(N) of a
RP or SAP with fixed knot K with respect to the inverse
of the segment number N . We also recall that the ratio
of the partition function ZK(N) to that of no topological
constraint Z(N) corresponds to the knotting probability
PK(N) of the knot K.
rex CK m(K) NK χ
2/DF
Knot 31
0 0.6201± 0.0018 0.9649± 0.0094 248.9± 1.3 2.21
0.005 0.6667± 0.0027 0.949± 0.011 365.5± 2.4 4.31
0.01 0.707± 0.0024 0.9455± 0.0086 499.4± 3.0 3.94
0.02 0.7671± 0.0017 0.9428± 0.0053 847.2± 3.8 2.52
0.03 0.8108± 0.0013 0.9575± 0.0041 1327.1± 5.5 1.80
0.04 0.8422± 0.0012 0.9576± 0.0033 2023.7± 7.9 1.43
0.05 0.8654± 0.0016 0.967± 0.0041 2973.± 17. 2.24
0.06 0.8819± 0.0016 0.9665± 0.0035 4328.± 26. 1.57
Knot 41
0 0.13072± 0.00091 1.05± 0.024 242.4± 3.2 2.99
0.005 0.12851± 0.001 1.01± 0.021 355.4± 4.6 3.27
0.01 0.12529± 0.00069 1.029± 0.015 475.1± 4.9 2.11
0.02 0.11585± 0.00057 0.99± 0.013 818.8± 8.6 2.16
0.03 0.10636± 0.00054 1.003± 0.014 1275.± 17. 2.54
0.04 0.09585± 0.0005 0.982± 0.013 1964.± 29. 2.33
0.05 0.08798± 0.00037 0.9979± 0.0095 2852.± 37. 1.20
0.06 0.07966± 0.00049 0.989± 0.012 4166.± 85. 1.70
TABLE VI. Best estimates of three-parameter formula (4) to
the knotting probability of the trefoil knot 31 and the figure-
eight knot 41 for cylindrical SAP with radius rex.
It seems that the results of the asymptotic formula are
closer to those of on-lattice models of SAP than those
of the four-parameter formula (1). We apply the asymp-
totic formula (4) to the data of the knotting probabilities
of various knots plotted against the number of segments
N for the cylindrical SAP with several different values
of cylindrical radius rex. The best estimates of the pa-
rameters of Eq. (4) are listed in Tables VI and VII in
Appendix B for the four knots: 31, 41, 51 and 52. We
find that the χ2 values of the fitted curves are larger than
those of the four-parameter formula (1) but they are not
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rex CK m(K) NK χ
2/DF
Knot 51
0 0.04261± 0.00041 1.181± 0.034 235.3± 4.2 1.95
0.005 0.03942± 0.00053 1.076± 0.039 350.1± 8.1 3.18
0.01 0.03565± 0.00025 1.072± 0.02 473.4± 6.4 1.03
0.02 0.02899± 0.00025 1.053± 0.024 797.± 15. 1.88
0.03 0.02337± 0.0002 1.04± 0.024 1237.± 28. 1.76
0.04 0.01897± 0.0002 1.041± 0.028 1857.± 56. 2.16
0.05 0.01562± 0.00015 1.057± 0.023 2675.± 79. 1.22
0.06 0.01298± 0.0002 1.058± 0.033 3840.± 190. 1.92
Knot 52
0 0.07434± 0.00067 1.214± 0.031 228.4± 3.6 2.76
0.005 0.06843± 0.00061 1.106± 0.026 343.0± 5.2 2.53
0.01 0.06229± 0.00044 1.092± 0.021 461.3± 6.2 1.84
0.02 0.04995± 0.00035 1.045± 0.019 792.± 12. 2.03
0.03 0.03991± 0.00031 1.060± 0.023 1234.± 27. 2.61
0.04 0.0322± 0.0002 1.046± 0.017 1848.± 34. 1.36
0.05 0.0262± 0.00021 1.049± 0.020 2744.± 71. 1.53
0.06 0.02168± 0.00028 1.061± 0.028 3850.± 160. 2.24
TABLE VII. Best estimates of three-parameter formula (4)
to the knotting probabilities of knots 51 and 52 for cylindrical
SAP with radius rex.
very large. Furthermore, the estimates of the exponent
m(K) for prime knots are closer to 1 than those of the
four-parameter formula (1). Here we recall that the es-
timates of the exponent m(K) are given by integers for
on-lattice SAP.
We suggest that the finite-size effect is significant in
the knotting probability for off-lattice models of RP or
SAP. If we neglect the small-N region and consider only
the large-N region we expect that the knotting proba-
bility is well approximated by the asymptotic formula
(4). However, for the off-lattice models with the number
of segments from N = 100 to N = 1000, the finite-size
effects are important, and hence the knotting probabil-
ity is well approximated by the four-parameter formula
(1) in which we take into account corrections due to the
finite-size effect.
VII. CONCLUDING REMARKS
The knotting probability is significant in the topolog-
ical properties of knotted ring polymers in solution. In
particular, the characteristic length of the knotting prob-
ability plays a central role not only in the knotting prob-
ability but also in the scaling behavior of the RP or SAP
under a topological constraint.
We have studied the dependence of the knotting prob-
ability on the thickness of cylindrical segments for the
cylindrical SAP. We have numerically shown that the
maximum value of the knotting probability of the tre-
foil knot increases with respect to the radius of cylin-
drical segments, rex, while those of other prime knots
decrease exponentially with respect to it. Here we recall
that cylindrical radius rex is the excluded-volume param-
eter of the cylindrical SAP.
We expect that the results of the knotting probability
for the cylindrical SAP are useful for studying the knot-
ting probabilities for various other models of semi-flexible
ring polymers. Through results of the cylindrical SAP we
can predict possible topological effects in other models of
RP or SAP. For instance, the cylindrical SAP model in-
terpolates off-lattice RP or SAP with the lattice SAP. In
the case of zero radius, i.e. for rex = 0, the cylindrical
SAP model reduces to the model of equilateral RP. For
rex = 1/8 it becomes rather close to the lattice SAP.
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Appendix A: Best estimates of fitting parameters for some
knots
1. For the trivial knot
We denote the knotting probability of the trivial knot
for the cylindrical SAP of N hard cylindrical segments
with radius rex by P01(N, rex). We also call it the un-
knotting probability of the SAP.
It was shown that the unknotting probability decays
exponentially with respect to segment number N for a
model of random polygons20 and for the bead-rod model
of SAP with different bead radii22. We express the un-
knotting probability as a function of N most simply by
P01(N, rex) = C0 exp(−N/N0) . (A1)
There are two fitting parameters in Eq. (A1): N0 and
C0, which are different from the four parameters em-
ployed in the research of Ref.36.
The best estimates of N0 and C0 are listed in Table
VIII. We callN0 the characteristic length for the knotting
probability of the trivial knot and C0 the coefficient of
the knotting probability of the unknot.
2. For nontrivial knots
The knotting probabilities of composite knot 31]31]31
are plotted against segment numberN for different values
of radius rex. The best estimates of the parameters for
Eq. (1) are listed in Table XI.
14
rex C0 N01 χ
2/DF
0 1.0531± 0.0034 245.89± 0.58 2.36
0.005 1.0045± 0.0061 356.0± 1.5 9.01
0.01 0.9909± 0.0056 483.4± 2.1 10.64
0.02 0.9815± 0.0039 817.7± 3.0 8.38
0.03 0.9852± 0.0026 1290.2± 4.0 5.55
0.04 0.9865± 0.0017 1965.6± 4.8 3.12
0.05 0.9905± 0.0012 2903.1± 6.0 1.90
0.06 0.99262± 0.00099 4205.± 10. 1.54
0.08 0.99648± 0.00079 8290.± 23. 0.80
0.1 0.99789± 0.00044 15348.± 47. 0.43
TABLE VIII. Best estimates of the parameters in Eq. (A1)
for the knotting probability of the trivial knot (the unknot)
01 and the χ
2 values per DF.
FIG. 9. Knotting probability of composite knot 31]31]31 ver-
sus the number of segments N .
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15
rex CK m(K) NK ∆N(K) χ
2/DF
Knot 51
0 0.04376± 0.00038 0.897± 0.059 255.8± 5.5 38.3± 7.7 1.13
0.005 0.03952± 0.00057 0.798± 0.061 386.± 11. 45.8± 9.0 1.71
0.01 0.03595± 0.00021 0.944± 0.038 495.4± 8.5 25.4± 6.6 0.57
0.02 0.02899± 0.00026 0.923± 0.043 843.± 21. 32.9± 9.2 1.36
0.03 0.02307± 0.00021 0.895± 0.032 1343.± 33. 43.2± 7.7 0.95
0.04 0.01881± 0.00024 0.929± 0.041 2006.± 74. 41.± 12. 1.58
0.05 0.01535± 0.00015 0.932± 0.028 2974.± 95. 49.1± 8.5 0.71
0.06 0.01283± 0.00024 0.938± 0.044 4360.± 280. 55.± 14. 1.49
0.08 0.0095± 0.0003 1.022± 0.067 7800.± 1100. 31.± 26. 0.93
0.1 0.0074± 0.0011 1.086± 0.095 13000.± 4300. 57.± 37. 1.41
Knot 52
0 0.07693± 0.00041 0.892± 0.034 250.8± 3.2 41.8± 4.3 0.70
0.005 0.06943± 0.00048 0.871± 0.039 371.0± 6.1 38.2± 5.8 1.04
0.01 0.06306± 0.00032 0.959± 0.033 482.1± 7.1 26.5± 5.6 0.75
0.02 0.04985± 0.00029 0.906± 0.027 844.± 14. 35.0± 5.6 0.90
0.03 0.03959± 0.00032 0.92± 0.031 1339.± 32. 41.1± 7.5 1.45
0.04 0.03200± 0.00019 0.951± 0.021 1971.± 37. 35.5± 6.3 0.66
0.05 0.02578± 0.00020 0.934± 0.023 3023.± 80. 46.7± 7.4 0.79
0.06 0.02119± 0.00029 0.938± 0.033 4340.± 210. 55.± 11. 1.36
0.08 0.01431± 0.00043 0.942± 0.054 8100.± 1000. 63.± 16. 1.51
0.1 0.0108± 0.0010 1.022± 0.064 13300.± 3100. 67.± 23. 1.11
Knot 61
0 0.02255± 0.00026 0.808± 0.045 271.4± 5.3 60.4± 5. 0.72
0.005 0.01888± 0.00026 0.872± 0.063 383.± 11. 57.2± 7.5 1.14
0.01 0.01596± 0.00011 0.921± 0.034 501.8± 8.7 50.4± 4.7 0.32
0.02 0.01092± 0.00016 0.891± 0.056 875.± 33. 52.± 10. 1.21
0.03 0.007856± 0.000080 1.005± 0.049 1243.± 43. 45.± 11. 0.70
0.04 0.00544± 0.00012 0.892± 0.055 2050.± 120. 69.± 12. 1.26
0.05 0.004112± 0.000070 0.987± 0.058 2840.± 170. 44.± 18. 0.73
0.06 0.003126± 0.000086 1.035± 0.082 3960.± 410. 41.± 29. 1.01
Knot 62
0 0.02420± 0.00028 0.963± 0.082 249.9± 7.2 38.± 10. 1.20
0.005 0.02017± 0.00023 0.953± 0.068 360.± 10. 44.2± 8.9 1.01
0.01 0.01675± 0.00023 0.944± 0.073 492.± 18. 48.± 10. 1.46
0.02 0.01141± 0.00015 0.862± 0.043 859.± 26. 62.9± 6.9 0.93
0.03 0.00782± 0.00016 0.873± 0.058 1373.± 70. 68.± 10. 1.61
0.04 0.005412± 0.000084 1.036± 0.069 1785.± 99. 43.± 18. 1.17
0.05 0.003926± 0.000086 1.012± 0.077 2710.± 220. 52.± 22. 1.30
0.06 0.003132± 0.000068 1.222± 0.097 3430.± 310. −16.± 41. 0.68
Knot 63
0 0.01593± 0.00024 0.832± 0.065 260.5± 7.2 60.3± 6.9 0.92
0.005 0.01319± 0.00020 1.063± 0.084 337.± 11. 35.± 11. 0.79
0.01 0.01057± 0.00017 0.943± 0.086 489.± 21. 49.± 12. 1.30
0.02 0.00666± 0.00014 0.863± 0.068 869.± 42. 64.± 11. 1.35
0.03 0.00430± 0.00011 0.885± 0.084 1378.± 92. 43.± 20. 1.24
0.04 0.003081± 0.000080 0.929± 0.074 1960.± 140. 68.± 16. 1.21
0.05 0.002045± 0.000081 0.829± 0.074 3220.± 340. 84.± 13. 1.34
0.06 0.001581± 0.000055 1.22± 0.15 3070.± 420. 19.± 55. 1.07
TABLE IX. Best estimates of the parameters in Eq. (1) applied to the knotting probabilities of knots 51, 52, 61, 62, and 63
for the cylindrical SAP with radius rex.
16
rex CK m(K) NK ∆N(K) χ
2/DF
Knot 71
0 0.003015± 0.000072 0.97± 0.16 256.± 15. 43.± 19. 0.65
0.005 0.00241± 0.000076 0.84± 0.12 371.± 22. 71.± 11. 0.69
0.01 0.00182± 0.00016 1.29± 0.30 431.± 47. 12.± 44. 1.32
0.02 0.001158± 0.000054 1.16± 0.25 744.± 95. 24.± 49. 1.33
0.03 0.000757± 0.000027 1.02± 0.16 1320.± 170. 55.± 34. 0.88
0.04 0.000429± 0.000039 0.84± 0.21 2410.± 600. 68.± 50. 1.36
Knot 72
0 0.00677± 0.00019 1.1± 0.15 238.± 13. 45.± 16. 1.27
0.005 0.00534± 0.00022 1.09± 0.20 339.± 26. 43.± 24. 2.18
0.01 0.004117± 0.000069 1.037± 0.091 478.± 21. 53.± 11. 0.61
0.02 0.002458± 0.000082 0.89± 0.12 878.± 72. 57.± 21. 1.38
0.03 0.001609± 0.000052 0.94± 0.11 1360.± 120. 72.± 18. 1.12
0.04 0.001018± 0.000035 1.16± 0.18 1710.± 230. 45.± 43. 1.43
Knot 73
0 0.00550± 0.00022 1.16± 0.18 228.± 14. 39.± 18. 1.17
0.005 0.00413± 0.00010 0.95± 0.13 366.± 22. 55.± 15. 0.99
0.01 0.003430± 0.000077 1.04± 0.13 472.± 27. 40.± 18. 0.81
0.02 0.001995± 0.000059 0.845± 0.088 877.± 57. 67.± 14. 0.75
0.03 0.001255± 0.000059 0.84± 0.11 1420.± 150. 83.± 13. 1.28
0.04 0.00081± 0.000033 0.927± 0.094 1920.± 200. 92.6± 9.4 0.89
Knot 74
0 0.00278± 0.00018 1.23± 0.25 239.± 18. 19.± 29. 0.8
0.005 0.002228± 0.000062 0.99± 0.18 373.± 28. 42.± 23. 0.68
0.01 0.001783± 0.000050 0.95± 0.16 504.± 40. 38.± 26. 0.68
0.02 0.001011± 0.000030 0.93± 0.10 816.± 58. 76.± 12. 0.55
0.03 0.000659± 0.000027 1.05± 0.19 1180.± 160. 62.± 32. 1.09
0.04 0.000378± 0.000041 1.38± 0.42 1670.± 370. −90.± 150. 0.88
Knot 75
0 0.00772± 0.00016 1.06± 0.12 246.± 10. 44.± 13. 0.88
0.005 0.00625± 0.00014 0.98± 0.12 353.± 19. 52.± 14. 1.15
0.01 0.004647± 0.000075 0.906± 0.071 506.± 19. 58.9± 9. 0.49
0.02 0.002754± 0.000045 1.053± 0.09 775.± 40. 44.± 16. 0.61
0.03 0.001645± 0.000037 1.12± 0.12 1104.± 86. 53.± 23. 0.9
0.04 0.001065± 0.000036 1.23± 0.16 1580.± 170. 67.± 37. 1.28
Knot 76
0 0.00919± 0.00018 1.04± 0.12 248.± 10. 46.± 12. 1.14
0.005 0.00705± 0.00011 0.958± 0.081 366.± 13. 54.5± 9.3 0.63
0.01 0.00549± 0.00010 1.08± 0.10 468.± 22. 44.± 14. 0.82
0.02 0.003167± 0.000077 1.12± 0.14 738.± 51. 22.± 28. 1.12
0.03 0.001907± 0.000049 1.036± 0.096 1241.± 97. 80.± 14. 1.19
0.04 0.001165± 0.000032 1.1± 0.14 1780.± 200. 39.± 37. 0.98
Knot 77
0 0.00602± 0.00050 1.42± 0.21 246.± 15. 22.± 23. 1.77
0.005 0.00475± 0.00016 1.26± 0.12 388.± 18. 29.± 16. 0.7
0.01 0.003500± 0.000084 1.19± 0.11 526.± 27. 32.± 17. 0.58
0.02 0.002139± 0.000046 1.12± 0.11 847.± 59. 61.± 17. 0.93
0.03 0.001099± 0.000048 0.97± 0.16 1390.± 190. 66.± 28. 1.43
0.04 0.000673± 0.000034 1.28± 0.24 1600.± 260. 41.± 61. 1.3
TABLE X. Best estimates of the parameters in Eq. (1) applied to the knotting probabilities of knots 71, 72, 73, 74, 75, 76 and
77 for the cylindrical SAP with radius rex.
17
rex CK m(K) NK ∆N(K) χ
2/DF
0 0.0390± 0.0023 2.806± 0.058 257.8± 2.9 14.1± 5.2 1.69
0.005 0.0546± 0.0024 2.810± 0.044 379.7± 3.9 15.4± 4.9 1.11
0.01 0.0651± 0.0023 2.853± 0.035 511.0± 4.8 16.6± 4.6 0.73
0.02 0.0848± 0.0026 2.869± 0.03 859.8± 8.2 19.2± 5.6 0.71
0.03 0.0944± 0.0044 2.927± 0.044 1336.± 23. 15.± 10. 1.17
0.04 0.1085± 0.0042 2.904± 0.035 2049.± 32. 25.± 11. 0.81
0.05 0.1106± 0.0075 2.960± 0.055 2948.± 84. 20.± 21. 1.16
0.06 0.139± 0.011 2.851± 0.057 4660.± 180. 61.± 25. 0.87
TABLE XI. Best estimates of the parameters of Eq. (1) for composite knot 31#31#31.
